can travel along in time and revisit the same event. Such spacetimes also provide a testbed for the chronology protection conjecture, which suggests that quantum back reaction would eliminate CTC's. In particular, our interest in this note will be to find the set free of CTC's for E/ < γ >, where E is modeled on Minkowski space and γ is a Poincaré transformation. We describe the set free of CTC's where γ is hyperbolic, parabolic, and elliptic.
with the standard indefinite bilinear form B(·, ·) of signature (2, 1) .
(Since E is flat and geodesically complete, the reader may identify E with its set of translations without any major difficulties arising.)
We look at flat Lorentz manifolds, which are quotients of an open subset X of E by a group Γ of affine Lorentzian isometries that acts properly discontinuously on that subset. Such manifolds X/Γ inherit a local causal structure from E. The CTC region of a spacetime is the set of all points which lie on some closed timelike curve and the CTC-free region is the complement of this space. Suppose Γ acts properly discontinuously on some subset X ⊂ E. Denote by [p] the image of p in X/Γ under projection. We wish to determine the set of all p such that [p] lies in the CTC region of X/Γ.
We first note the following basic lemma.
Lemma 0.1. Let Γ and X ⊂ E be as above. Let p ∈ X be a point such that γ(p) − p is a timelike vector, for some γ ∈ Γ, and the line segment starting at p and ending at γ(p) lies entirely in X. Then
[p] ∈ X/Γ lies on a smooth closed timelike curve.
This lemma is well known, but we provide a proof for completeness.
Proof. Let c : R → E be a continuous and piecewise linear path through each point γ n (p), defined by the following: The pathc is C ∞ and agrees with the path c for t ≤ 0 and t ≥ ǫ.
The pathc can be extended to a C ∞ path through each point γ n (p).
We can assume that γ n−1 (p) − γ n (n) is a future pointing timelike vector. The sum of two future pointing timelike vectors is another future pointing timelike vector. Therefore,c is a smooth timelike curve which goes through each point γ n (p). q.e.d. The vector γ(p) − p is called the displacement vector for p.
In this note we will mainly consider Γ = γ , where γ is an affine
Lorentzian isometry, that is, an element of the Poincaré group.
Note that the cyclic group Γ acts properly discontinuously on all of E if and only if γ admits no fixed points. We will examine both the fixed point case -in other words, when γ is an element of the Lorentz group -and the fixed point-free case.
Isometries
Let Isom(E) denote the group of affine isometries of E, that is the Poincaré group. Choosing an origin 0, we may write the action of an isometry γ ∈ Isom(E) as:
where g ∈ O(2, 1) is called its linear part and v ∈ R 2,1 is called its translational part. (Typically, we shall omit 0, which can be taken to be the point whose coordinates are all zero.)
Denote the Lorentzian inner product on the vector space of translations R 2,1 by B (·, ·):
It is invariant under the action due to any element of O(2, 1). complete if given a point p ∈ X every future (resp. past) directed ray starting at p remains in X.
We will restrict our examination to the identity component G ⊂ Isom(E), consisting of orientation and time-orientation preserving isometries. This is a subgroup of SO(2, 1) which has index 2.
The conjugacy classes of elements of G are identified by their trace. Further, a nonidentity element g ∈ G is called
• parabolic if tr(g) = 3 and
• elliptic if tr(g) < 3. For a given transformation γ, E splits into three regions, according to the causal character of the displacement vector γ(p) − p, for
• the timelike region for the action of γ on E:
• the lightlike region for the action of γ:
• the spacelike region for γ:
Suppose Γ ⊂ Isom(E) acts properly discontinuously on the maximal set X ⊂ E; we denote by T (Γ) the set of points p ∈ X such that [p] is in the CTC region of X/Γ. If Γ acts freely and properly discontinuously on E, then:
The region whose quotient is free of closed timelike curves is denoted by F (Γ). If Γ acts freely and properly discontinuously on E, then:
1.1.
Conjugation. An isometry may be conjugated by an element of GL(3, R), in order to facilitate explicit calculations. For instance, given a hyperbolic g ∈ G, there exists h ∈ GL(3, R) such that hgh −1 is a diagonal matrix. In particular, even though the form of (1) depends on the choice of origin, the signed Lorentzian length does not depend on the choice of origin.
Hyperbolic transformations
Let γ ∈ Isom(E) be a hyperbolic transformation with linear part g. Then g admits three eigenvectors,
are null and can be chosen so that they are future directed and
Then we may choose x o (g) to be the unique 1-eigenvector satisfying:
The signed Lorentzian length of γ is:
where p ∈ E is arbitrary (i.e. α(γ) does not depend on the choice of p). Every hyperbolic transformation γ gives rise to a unique
thus α(γ) measures the signed Lorentzian length of C γ / γ . The
, where c ′ (0) is thought of as a right hand limit and c ′ (1) is thought of as a left hand limit.
As trace identifies conjugacy classes of elements in SO(2, 1), the trace of the linear part and the value of α identify conjugacy classes of hyperbolic isometries in Isom(E). Conjugate γ by the change
SO(2, 1)), so that its linear part is diagonal. Next, conjugate by an appropriate translation, so that the origin lies on C γ .
Write the point p ∈ E in terms of the new basis and origin:
We may write the conjugate transformation as follows:
The causal character of the displacement vector is determined by the following calculation:
Thus points in T (γ), i.e. points projected onto CTC's, satisfy the following inequality:
Observe that the right hand side is negative.
2.1. Hyperbolic transformations with fixed points. Suppose that γ admits a fixed point; equivalently, C γ is pointwise fixed and α(γ) = 0. Set:
Then p solves (2) if and only if p ∈ B γ . This region divides into two connected components, bounded by L(γ), which in turn is composed of the so-called unstable/stable planes E ± (γ): these are the planes containing C γ and parallel to x ± (g).
The closure of the two remaining components of E:
Thus: Figure 1 . A cross section for hyperbolic transformations
Proposition 2.1. Let γ be a hyperbolic transformation with fixed points. Then
The interior of G 
and the CTC region of E/ γ is B γ / γ . Furthermore,
The regions G Proof. Note that the linear part of γ n is g n so λ(g n ) = (λ(g)) n , but α(γ n ) = nα(γ). Consider the right hand side of (2). We find:
In contrast to hyperbolic transformations with fixed points, the maximal connected open subset of E on which γ acts properly discontinuously is all of E. The quotient E/ γ is a Lorentz spacetime which is future complete, past complete, and diffeomorphic to R 2 × S 1 , which Grant [7] identified as representing the complement of two straight moving cosmic strings which do not intersect.
Now that we understand the CTC regions for a group generated by a single hyperbolic transformation, we can start to look at more complicated groups. Here is an interesting example, where the CTC region consists of all of E.
Example 1 (F (Γ) = ∅).
Suppose that γ 1 and γ 2 are hyperbolic transformations such that
• the linear parts admit the same eigenvectors, and
• the group Γ = γ 1 , γ 2 acts freely and properly discontinuously on E.
Note that there are such groups. One such example is the group generated by the transformations: To study T (Γ), it is enough to look at a single cross section parallel to
Conjugate invariant lines are obtained as follows:
Suppose that q ∈ G Thus, the CTC region of E/Γ is the entire space.
Parabolic transformations
In the linear group G, all parabolic transformations are conjugate to each other. The conjugacy classes of affine parabolic transformations in Isom(E) are described in [1] . In particular, the Similarly to the hyperbolic case, let x 1 , x 2 be a pair of vectors such that:
⊥ and is unit-spacelike;
• x 2 is lightlike, future pointing and Lorentz-orthogonal to x 1 , but not parallel to x o (ρ);
• {x o (ρ), x 1 , x 2 } is a positively oriented basis.
Then relative to this basis, every power of ρ can be written as an upper-triangular matrix with 1's on the diagonal:
In particular, for every p ∈ E each displacement vector ρ Thus:
We define
and we have shown the following:
Proposition 3.1. Let ρ be a parabolic isometry with fixed points.Then:
That is, the CTC region of E ρ / ρ is empty. The spacelike region Recall that all linear parabolics are conjugate to each other.
S(ρ) divides into two components separated by the lightlike region
Choose ρ such that:
Choose an origin 0 and denote the coordinates of a point p in the {x o (ρ), x 1 , x 2 } basis as follows:
We may further conjugate the parabolic isometry so that its translational part is parallel to x 2 ; then the transformation may be written:
The inner product in this basis is given by
where q o , q 1 , q 2 are the coordinates of q in the new basis. A point p is in T (ρ τ ) if:
More explicitly,
We see that L(ρ τ ) is a parabolic sheet bounding T (ρ τ ). Let us examine the case where τ > 0. Suppose that p ∈ L(ρ τ ) ∪ T (ρ τ ). The set of future pointing, non-spacelike vectors is convex. Therefore,
is a future pointing timelike vector, since each term is either a future pointing lightlike vector or a future pointing timelike vector and all vectors are not parallel.
The same statement holds when τ < 0, substituting the term "past" for "future".
) for all n ≥ 1.
We will now show by direct calculation that the parabolic sheet L(ρ n τ ) is described by the equation:
where φ(n) increases as fast as n 2 . Notice that this sheet is just a translate of L(ρ τ ) in the x 1 direction by the amount −φ(n)τ .
We can show the following by induction:
We get an equation describing L(ρ n τ ) by solving
and we obtain
We note that −n 2 + 2 n−1 i=1 i = −n and that 6
, so the following holds:
Theorem 3.3. Let ρ ∈ Isom(E) be a parabolic isometry without fixed points. Then:
and the CTC region of E/ γ is the entire space.
Example 2. Suppose {g n } n≥0 ⊂ G is a sequence of hyperbolic isometries with a common fixed point 0, converging to a parabolic element in G. This happens, for instance, by letting g n = h n gh −n , where g is hyperbolic and h is an arbitrary element of G. Then:
Indeed, as g n → ρ, the stable and unstable planes of g n both approach the plane
⊥ is tangent to the light cone at the origin and contains Rx o (ρ).) Thus T (γ n ) approaches the empty set.
Now consider a sequence of hyperbolic transformations {γ n } n≥0 approaching a parabolic transformation ρ, without fixed points.
The regions T (γ n ) still approach the empty set. However, T (ρ) = E.
Elliptic transformations
In G, all elliptic elements are conjugate to an element of the form
The signed Lorentzian length invariant α cannot be generalized in any coherent manner to elliptic elements. We will first consider elliptic transformations with fixed points and then without fixed points.
Elliptic transformations with fixed points. After choos-
ing an origin 0 in the fixed point set, we let:
so that the transformation can be written as ψ θ . A fixed eigenvector for this transformation is
and the fixed point set for ψ θ consists of the line
If θ is a rational multiple of 2π, then the group ψ θ acts freely and properly discontinuously on the complement of its fixed point set:
Recall that since x o (ψ θ ) is fixed by ψ θ , every displacement vector lies in the Lorentz-orthogonal plane of x o (ψ θ ). This is the xy-plane, which is spacelike. Thus: 
That is, the CTC region of E ψ θ / ψ θ is empty.
Spaces of the type E ψ θ / ψ θ can be identified with special cases of spacetimes that represent (spinless) particles in 2+1-dimensional gravity. Such spaces have been described by Deser, Jackiw, and 't Hooft [3] . (See also [11] and the references cited there.) The direct metric product of such a space with a spacelike line is known as a cosmic string. However, the projection of ψ(p) − p onto the z-axis is unbounded as k → ∞. Thus, for a sufficiently large power k, depending on the distance from p to the z-axis, the vector ψ k (p) − p is timelike.
q.e.d.
Future directions (pun intended)
In a future note, we will look for closed timelike curves in X/Γ where X ⊂ E and Γ is more complicated. Some examples are given below.
For the case X = E and free Γ, we call E/Γ a Margulis spacetime. Theorem 3.3 has an interesting and immediate consequence for Margulis spacetimes. In [2] , Margulis spacetimes with noncyclic free fundamental groups containing parabolic transformations were constructed. Parabolic transformations were shown to be very much like hyperbolic transformations for questions concerning proper actions of a group on E in [2] (and [1] for that matter). But we see here that for questions concerning closed timelike curves, the difference between hyperbolic and parabolic transformations is tremendous.
We will also be keenly interested in surface groups, groups isomorphic to the fundmental group of a closed surface. As shown in [10] and [6] these groups do not act properly discontinuously on E.
However, Mess showed [10] that surface groups can act properly discontinuously on some subset X ⊂ E.
